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Abstract 

Context. Bolometric Interferometry is a technology currently under development that will be first dedicated to the detection of B- 
mode polarization fluctuations in the Cosmic Microwave Background. A bolometric interferometer will have to take advantage of 
the wide spectral detection band of its bolometers in order to be competitive with imaging experiments. A crucial concern is that 
interferometers are presumed to be importantly affected by a spoiling effect known as bandwidth smearing. 

Aims. In this paper, we investigate how the bandwidth modifies the work principle of a bolometric interferometer and how it affects 
its sensitivity to the CMB angular power spectra. 

Methods. We obtain analytical expressions for the broadband visibilities measured by broadband heterodyne and bolometric inter- 
ferometers. We investigate how the visibilities must be reconstructed in a broadband bolometric interferometer and show that this 
critically depends on hardware properties of the modulation phase shifters. If the phase shifters produce shifts that are constant with 
respect to frequency, the instrument works exactly as a monochromatic one (the modulation matrix is not modified), while if they vary 
(linearly or otherwise) with respect to frequency, one has to perform a special reconstruction scheme, which allows the visibilities to 
be reconstructed in frequency sub-bands. Using an angular power spectrum estimator accounting for the bandwidth, we finally calcu- 
late the sensitivity of a broadband bolometric interferometer. A numerical simulation has been performed and confirms the analytical 
results. 

Results. We conclude (i) that broadband bolometric interferometers allow broadband visibilities to be reconstructed whatever the kind 
of phase shifters used and (ii) that for dedicated B-mode bolometric interferometers, the sensitivity loss due to bandwidth smearing is 
quite acceptable, even for wideband instruments (a factor 2 loss for a typical 20% bandwidth experiment). 
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Introduction 

The detection of primordial gravity waves through B-mode po- 
larization anisotropies in the Cosmic Microwave Background 
(CMB) is one of the most exciting challenges of modern cos- 
mology. The weakness of the expected signal requires the de- 
velopment of highly sensitive experiment with an exquisite con- 
trol of systematic eiTors. Most of the experiments or projects 
dedicated to this quest are based on well-known direct imaging 
technology. An appealing alternative called bolometric interfer- 
ometry has been proposed [Tucker et al., 2003] . This technology 
combines the advantages of interferometry in handling system- 
atic effects and those of bolometric detectors in sensitivity. The 
two teams that have taken up the challenge ITimbie et al., 2003| 
[Charlassier et al., 2008 (b)| are now joining their efforts within 
the QUBIC collaboration fKaplan et al., 2009 1. 

We have introduced in [Charlassier et al., 2008 (a)' here- 
after C08] a simple formalism describing the general design of 
a bolometric interferometer working at a monochromatic fre- 
quency and shown that a bolometiic interferometer must fol- 
low a particular phase shifting scheme we called "coherent sum- 
mation of equivalent baselines". This scheme has been opti- 
mized further in |Hyland et al., 2008J . We have calculated in 
[Hamilton et al., 2008| hereafter H08] the sensitivity of such a 
bolometric interferometer and shown that this technology can be 
competitive with imaging experiments and heterodyne interfer- 
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ometers for the measurement of CMB B-mode. For the sake of 
simplicity, we did not deal with the bandwidth question in [C08] 
and [H08]. 

We know that a dedicated B-mode bolometric interferometer 
will have to use the wide spectral detection band of its bolome- 
ters in order to be competitive with imaging experiments. In the 
other hand, the bandwidth is often considered as a crucial is- 
sue in radio-interferometry; if the raw sensitivity of radio inter- 
ferometer detectors grows as the square root of the bandwidth, 
there is a secondary effect, well known as bandwidth smearing, 
which can largely degrade the global sensitivity. When the sig- 
nals coming from a point source interfere after having been col- 
lected by two broadband receivers, the resulting fringe pattern is 
smeared by an envelope whose amplitude depends on the band- 
width, consequently leading to a degradation of the signal to 
noise ratio - see for instance [Th omson et al., 200 1 1. We will see 
that these two main characteristics remain in bolometric interfer- 
ometry: the bolometers' sensitivity also grows as the square root 
of the bandwidth, and a bandwidth smearing of the observables, 
the visibilities, degrades the global sensitivity of the instrument 
(however, because the observation of CMB angular correlations 
requires a poorer spatial resolution than the observation of point 
sources to which classical radio-interferometers are mostly ded- 
icated, this smearing will lead to a less critical sensitivity loss). 
But we will also see that an additional kind of bandwidth issue 
occurs, due to the fact that in bolometric interferometry, visibil- 
ities are not measured directly but by solving a linear problem. 
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We investigate how the visibilities are smeared in heterodyne 
and bolometric interferometers having wide spectral bands and 
large primary beams in section [T] We investigate how the work 
principle of bolometric interferometry is affected by bandwidth 
in section |2] We show in particular that the visibilities can be 
reconstructed exactly as in the monochromatic case detailed in 
[COS] if the modulation phase shifts are constant with respect to 
frequency, while one has to perform the special reconstruction 
scheme described in section [3] when the modulation phase shifts 
vary with respect to frequency. In section]?] we introduce an an- 
gular power spectrum estimator accounting for the bandwidth 
and estimate how the bandwidth smearing results in a degra- 
dation of the sensitivity for B-mode experiments. A numerical 
simulation that confirms our analytical results is presented in 
section |5j 



1. Visibilities measured by generic interferometers 
witli wide spectral bands and large primary 
beams 

1.1. Monochromatic visibilities 

The observables measured by a monochomatic interferometer 
working at a frequency vq and looking at a radiation field of 
spectral power /v(/i), in units of [W.Hz '.sr '], are called the 
visibilities. A monochromatic visibility is defined for one base- 
line Mo, which is the vector separation between two horns in units 
of the electromagnetic wavelength of the radiation: 



yvo 



(«o) 



lyJn)Ay^(n) exp(/2™o ■ «) dn. 



(1) 



where Ay(n) = Bl{n) is the square of the beam of the input 
horns (assumed identical), conventionally normalized to one at 
its maximum. Here we can make a first important observation for 
the understanding of bandwidth in interferometry: a monochro- 
matic visibility defined by a pair of horns separated by a dis- 
tance do and working at frequency vq is the same observable 
as a monochromatic visibility defined by another pair of horns 
separated by a distance d - d^— and working at frequency v. 
The two visibilities indeed match the baseline hq = ^fi^- This 
property, sometimes called the equivalence theorem of interfer- 
ometry, is actually true only if the two pairs of horns have the 
same beam (meaning that their surfaces are necessarily differ- 
ent) and if the observed radiation field S (n) has the same spatial 
variations at both frequencies (this is of course true in the case 
of CMB observations). 



1.2. Broadband visibilities for a generic interferometer 

We consider now an interferometer that is sensitive to a finite 
spectral band through a bandpass function J(v - vq), centerecj^ 
at frequency vq. We arbitrarily define the bandwidth Av of the 
instrument a^ 



Av 



vo)dv. 



(2) 



We define a generic interferometer to be an instrument in which 
visibilities are directly given by the outputs of the detectors (this 



' The definition of the center is somewhat arbitrary. A convenient 
definition is the barycenter of /. 

^ This definition is very close to the FWHM for a Gaussian band- 
width. 



is the case in heterodyne interferometry, but not in bolometric 
interferometry). The expression of a broadband visibility mea- 
sured by a generic interferometer - in power units, for a basehne 
Ho = do — - is then: 



Vf(««) 



JJ Iy{n)Ay(n 



:) exp(i2;rrfo ■ n-) J(v - vo) dv dn. (3) 

c 



The baselines define a plane usually called the uv-plane. It is 
better to write the visibility as a convolution in the uv-plane to 
understand the bandwidth effect: 



Vf(Ho) = JJjj Uw)Ay(w' 



)7(v-vo)e'^''* '0 "° " ^^ "dwdw'dndv, 

(4) 

where we have introduced the Fourier transform of the signal 
and the one of the beam: 



n) = J Ayiw' 



iy{w) exp(-/27rH' ■ n)dw 



) exp(-/2:7rH'' ■ n)dw' 



(5) 



(6) 



In the flat-sky approximation, the integral over the field n gives 
a delta function, and the expression of the broadband visibility 
is finally 

(Ho) = 7(0) Av J Iy„{w)p{uo,w) dw, (7) 
where we have defined the convolution kernel in the uv-plane: 
A«o,w)= r J 



(w) ~ V 

—Ay(uo H") Jn(v - Vo) dv, (8) 

v„(H') vo 



in which we have introduced the normalized bandpass function 
Jn(v - Vo) = J(v - vo)/Av. The convolution kernel (which de- 
pends on Ho) contains the entire effect of the bandwidth smear- 
ing. For a monochromatic visibility, the convolution kernel in 
the uv-plane is just the Fourier transform of the beam A(w). 

In the following, to allow for complete analytic calculation, 
we first ignore the frequency dependence of the signal and of the 
beam. We write: 

A(w) = Ay^iw) ^ Ayiw) and /(w) = ly.iw) ^ Uw). (9) 

This defines the approximate form of the convolution kernel: 



PapiUo 



A(ho w) Jn(v - Vo) dv. (10) 



This approximation allows us to get an intuitive idea of how the 
bandwidth smearing acts with good enough accuracy to estimate 
the sensitivity loss. We discuss in subsection ]T3] a refined form 
of the kernel that takes into account the frequency dependence of 
the beam and the intensity. As shown in figure ]2] the difference 
between the approximate kernel, derived in subsection 1.3, and 
the refined kernel is small. 



1.3. Approximate analytical form of the kernel 

In order to carry out the analytical calculation, we also assume a 
gaussian normaUzed bandpass function : 



Jn{v - Vo) 



1 

,V2^ 



exp 



(v-vq)^ 
2crl 



(11) 
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Figure 1. Left: convolution kernel in the uv-plane for a monochromatic interferometer, which is actually just the Fourier transform 
of the primary beam, for a 90 GHz central frequency and a gaussian beam with 15° FWHM. Right: approximate convolution kernel 
in the uv-plane for a baseUne mq (matching I ~ 100), for a 20% bandwidth interferometer, for a gaussian bandpass function centered 
at 90 GHz and a gaussian beam with 15° FWHM. 



The instrument bandwidth is related to the gaussian sigma by 
Av = (Ty s/ln. We assume a gaussian beam for the horns, with 
the usual convention A(0) - 1, leading to the following beam in 
the uv-plane: 

A(w)^ilexp(-7Tnw^). (12) 

As previously explained, we ignore here the frequency depen- 
dence of the beam. The integral of the beam over the sky is de- 
fined for the central frequency, O - ilyj^ The expression of the 
kernel is then: 



Here 



w) = = 



exp -7rl2(Mo h") r — dv. 

[ vo 2cr^ 

(13) 

This can be analytically integrated (details are given in ap- 
pendix |A| and written in the form: 



exp 



^ap(UO,w') ^ A(W') 



2n-n-\ 



-(uo-w'y 



/n2 



where we have made the variable substitution 



w -Uq-W. 



(14) 



(15) 



We can define the effective beam in real space for a broadband 
interferometer Q , as the value at w' = of the Fourier transform 
of the kerneQ 

Q, =^„^(Ho,0)= -. (16) 



^ This solid angle is then related to the RMS of the gaussian beam cr 
by n = 2n<T-. 

* Because Jf^ is normalized to 1, the inverse transform of pap equals 
1 at the top of the beam. 



-^1 -l-27rQ^ 



"0^ , {Ki > 1) 



(17) 



We can finally rewrite the kernel: 



fi„p(uQ,w') = A{w') X — X exp 
^^1 



= A{w') X — X exp 



2;r^|-^| Q^(Ho-H'')^ 



(«o ■ w'Y 



(18) 
(19) 



This K\ factor is an indicator of the importance of bandwidth 
smearing. It reaches its minimal value 1 for a monochromatic 
interferometer. One immediately sees that interferometers with 
"small" primary beams and/or "small" baselines are less affected 
by the bandwidth smearing (see figure]?]). We compare the con- 
volution kernels of monochromatic and broadband interferome- 
ters in figure ]T] One can clearly see that the effect of the band- 
width smearing is to stretch the kernel, in the baseline direction 
only, by which the Fourier transform of the signal is convolved. 

When K\ is close to 1 (i.e. mo^ <sc ^in^' ^^^^ 
"bandwidth part" of the kernel is smaller than the "beam part" 
and thus the signal is not degraded by the bandwidth: this is quite 
intuitive since a signal already convolved by a kernel of width cr„ 
is not significantly degraded if it is convolved again by a kernel 
of width (Ti, such as cr/, < cr^. The physical interpretation in real 
space is that the bandwidth smearing makes the beam narrower, 
by a factor k\ that depends on the baseline length: for a given 
multipole I, the fraction of sky observed by a broadband inter- 
ferometer is actually ffj^yil) - fsky(l)/K\ - cf. section|4j 
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Longitudinal window, 90 GHz, /o=50, 100, 200 Longitudinal window, 90 GHz, lo=50, 100, 200 




Figure!. Left: longitudinal profile of the convolution kernel for baselines corresponding to /q - 50, 100,200, for an instrument 
with a 20% Gaussian bandwidth centered at 90 GHz and 15° FWHM horns. Approximate kernel: full coloured line. Refined kernel 
numerically computed: dotted coloured line. Kernel for monochromatic visibilities: black full line. Right: same but with a top hat 
shaped bandwidth. 



1.4. Broadband visibilities in temperature units for CMB 
experiments 

It is more convenient to work with visibilities in tempera- 
ture units when studying CMB temperature and polarization 
anisotropic^ If By is the intensity of the observed field, in units 
of [W.Hz '.m^^.sr"^], the spectral power collected by a horn of 
surface S is: 

ly^SBy. (20) 

CMB experiments observe small spatial fluctuations over the 
sky: 

Iy{n) ^ ly + My(n). (21) 

The oscillating term of the visibilities washes out the constant 
part of the spectral power, so the visibihties can be rewritten 



Vf(Ho) 



^ My(n)Ay(n 



) exp(i2;rrfo n-) J{v-vq) dv dn (22) 
c 



The temperature fluctuations over the sky are linked to the power 
fluctuations by 



AIy(n) ^ ^AT(n) ^ S^AT(n). 
di oT 



(23) 



We can then define the broadband visibilities in temperature 
units: 

(Ho)[in W] 



y^''(Ho)[in K] 



(24) 



S (dBy/dTX ■ 

Following the same arguments as previously, one can show that 

y^''(Mo) = Av J AT{w)f{ua,w)dw, (25) 

where we have introduced the Fourier transform of the tempera- 
ture field. 



AT(n) - I AT{w)exp{-i27rw ■ n)dw. 



(26) 



^ Practically, the visibilities measured by a bolometric interferometer 
will be in power units as defined in Eq. |3j(. 



and a temperature convolution kernel, 
dBy/dT 



r^r> /a-TM i^v(«o w) JN{v-vo)dv. (27) 

(dBy/dT)\y^ I vo 



If we neglect the dependence of the signal and of the beam 
on frequency, this kernel actually becomes the one defined in 
Eq. ((To]): 



1.5. A refined kernei 



(28) 



The intensity By of the observed field actually depends on fre- 
quency for a black body source at temperature T: 



By 



2/1 



1 



expikv/ksT) - 1 



(29) 



Inside the bandwidth, the frequency dependence of the T deriva- 
tive of By is well approximated by a power law : 



dBy 
dT 



dBy 
dT 



Av I 



hvQ e'"""'"'^ + 1 
with a - —— , ,, „ — - . (30) 



The beam of the horns depends on frequency as well. The sur- 
face of the horns S , the solid angle covered Q and the frequency 

of observation v are related by 5 Q — k^, leading to Q.y - Qv„ ^ . 
Such a frequency dependence of a Gaussian beam can be mod- 
eled by modifying its Fourier transform as follows: 



Ay{w) = exp(-7rQ^w2). 



(31) 



Figure |2] shows for several values of I how the approximate ker- 
nel of Eq. ( [T9| is refined when one takes into account the above 
frequency dependences of the beam and the intensity. The signal 
and the beam dependencies largely compensate each other, and 
the difference between the two kernels turns out to be negligible 
considering the accuracy level required for the sensitivity loss 
estimation. The main difference is a shift of the centroid of the 
window function shown in the left panel of figure|3] absent in the 
approximate kernel. This will introduce systematics which will 
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Figure 3. Left; Shift of the effective I window function as a function of Iq; dashed lines for a gaussian bandwidth, solid lines for a 
top hat one. 

Right: The variation of ki as a function of Iq; dashed lines for a gaussian bandwidth, solid lines for a top hat one. 



have to be coiTected for. We also show what happens for a more 
realistic top hat shaped bandwidth (right pannel of figure|2j solid 
lines in figure [3]l. For the data extraction of a given instrument, 
the convolution kernel will have to be computed numerically; 
however, the approximate Gaussian kernel gives a good enough 
accuracy to estimate the sensitivity loss. In the rest of this paper, 
we use the approximate analytical forni of the kernel, and write 
yS instead of ^ap- Finally, the right panel of figure [5] shows the 
variation of ki with /q for a gaussian (dashed line) and a top hat 
(solid line) bandwidth. 



2. Visibilities measured by broadband bolometric 
interferometers 

The effect of the bandwidth is more subtle in a bolometric in- 
terferometer than in a generic interferometer, because the vis- 
ibilities are not measured directly. As described in [COS], a 
time-domain modulation of the visibilities is performed by con- 
trolled phase shifters -located behind each polarization channel 
(twice the number of horns)- which take some well-chosen time- 
sequences of discrete phase values. The coiTesponding time- 
sequences of bolometers' measurements will allow to recover, 
independently for each bolometer, all the different visibilities, 
by solving a linear problem of the form S - A ■ X, where X is a 
vector including the visibilities, 5 is a vector including a time- 
sequence of one bolometer's measurements, and A a coefficient 
matrix depending on the phase shift sequences. In the follow- 
ing we generalize the [COS] formalism, taking the bandwidth 
into account. As in the generic case, we assume in this section 
that the detectors (here the bolometers) are sensitive to a spectral 
bandwidth Av, through a bandpass function 7(v- vq) centered on 
the frequency vq. 

2.1. Signal on broadband bolometers 

We consider a bolometric interferometer consisting of Ni, horns 
whose beams are defined by the same function B{n), and Nom 
bolometers. The electric field at the output of polarization split- 
ters, corresponding to horn / coming from direction n for polar- 
ization 77 (II or ±) is 



e,V,(«) = B{n)E^{n). 



(32) 



During a time sample k, each controlled phase shifter adds to its 
associated input channel the phase <l)J^^^(v). After combining, the 
electric field in one output channel is then 



Zk{n) = J zl{n)J(v ■ 



■ vo)dv. 



(33) 



where 



Ni,-l 1 



2^2^e,,„(H)exp[/0*^(v)], (34) 



The power coming from each of the combiner outputs is av- 
eraged on time scales given by the time constant of the detector 
(much larger than the frequency of the EM wave). The power 
collected by a given bolometer during a time sample l^is then 



//*« 



)J(v - vo)dvdn 



(35) 



Signals coming from different directions of the sky are incoher- 
ent, as are signals at different frequencies, so their time averaged 
correlations vanish: 

{zl(n)zt*(n')).^^^ = \zl(nf 6(n - «') ^(v - v') (36) 
The signal on the bolometer is finally: 



V())dvdn 



(37) 



Developing this expression leads to auto-correlation terms for 
each input channel and cross-correlation terms between all the 
possible pairs: 



+ SI 



(3S) 



As in the general case, one can write the visibilities as a convo- 
lution in the uv-plane (we define b = {/, j} and p - {/71, 772)): 



27(0) Avj^^^ 2^ r^^^dv)^^/^^**,^)^!^] (39) 

i<j It, in 



* Recall that this is a sequence of such time samples that will be used 
to inverse the problem and recover the visibilities. 
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where we have defined the Fourier transform of the physical sig- 
nal, 

l,,p(w) = J E^,in)E*^^_in)exp(i27in.w)dn , (40) 

and the kernel ri^'^{ui,,w) which contains the phase modulation 
used to recover the visibilities. 



ril'(ut,w) = r A{-Ub - w) My - vo) exp[/A(D^ „(v)] di^l) 



(42) 



with A{ri) - B (n) the square of the beam of the input horns. 



2.2. Phase shifters constant with respect to frequency 

We first consider the simplest case where the phase shift values 
do not depend on the frequency v. When A<l)^^^(v) = A<l)^^^(vo), 
the phase shift term comes out the integral over v: 

f,;/ut, w) = ^(Ub, w) expUA^l jvo)]. (43) 



The signal of the cross correlations on the bolometer is thus the 
one expressed in [COS], with the broadband visibilities defined 
in Eq. instead of the monochromatic ones: 



V V .'■A4'f,„(vo)T/A„ 



(44) 



Following [COS], we can introduce the broadband Stokes visibil- 
ities. 



y"'(MA) = 7(0) Av S{w)/3{Ub,w) dw 



(45) 



where S stands for the Stokes parameters I, Q, U or V and S 
stands for their Fourier transform, and rewrite Eq. (44i as a lin- 



ear combination of the Stokes visibilities defined for different 
baselines: 



r- cross _ \ ^ -p 



(46) 



13=0 



where Tkj3 is the vector, defined in [COS], encoding the phase 
shifting values, and V^' is a vector including the real and imag- 
inary parts of the broadband Stokes visibilities. If the phase 
shift values of a broadband bolometric interferometer are con- 
stant with respect to frequency, the visibilities should thus be 
reconstructed exactly as explained in [COS], by solving a lin- 
ear problem. In this case, a broadband bolometric interferome- 
ter therefore works exactly as a monochromatic one, except that 
the output observables will be broadband visibilities instead of 
monochromatic ones. 

2.3. Phase shifters linear with respect to frequency 

We now consider the more complicated case where the modula- 
tion phase shifters vary linearly with respect to frequency: 



A%Jy) = AO* „(yo) X 



(47) 



From a technological point of view, this may seem more natu- 
ral, since it is automatically respected if for instance the phase 
shifters are just constituted by delay-lines. 



For the sake of simplicity, we write A<E)^ instead of 
A<['^^^(vo) in the following. As in section jl in order to carry 
out the analytical calculation, we assume both the beam and the 
intensity to be independent of frequency, and we assume a nor- 
malized gaussian bandpass function Jf^. We show in appendix [B] 
that 77^'^ is then 

fi^,],(Ub,w)^^(ut,w) exp[-(A<D^/G + /A(l)*,^(l - H(w))], 

(4S) 

where we have defineqj 



G = 



2/^2' 



Hiw) 



Ub ■ (Ub - w) 



(49) 
(50) 



Thus the cross-correlation part of the bolometer signal can be 
written: 



h,p 



(Ub)] (51) 
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where we have introduced some "phase-dependent" broadband 
visibilities: 

V^^/'^'^iUb) = 7(0) Av J h,p(w)^^°/(ub,w) dw (52) 

The new kernel is linked to the generic one by a rotation in the 
complex plane: 

^,"\ub,w) = A«A,w)exp [-imi^Hiw)] (53) 

This complex factor unfortunately depends on the phase dif- 
ferences: this means that the definition of every visibility will 
slightly change between two different samples k and k' I This is 
of course a bad feature that will corrupt the linear problem. 

We will show in a paper in preparation that an error varying 
with the modulation will lead to a dramatic leakage from the in- 
tensity visibilities into the polarization ones (which are at least 
two orders of magnitudes smaller in CMB observations). This 
prediction (which is not trivial and is not proven analytically in 
this article) is supported by our Monte-Carlo simulation (cf. sec- 
tion|5]): introduction of the 77-kernel of Eq. (4S 1 in the simulation 
leads to a huge error on the reconstructed polarization spectrum 
(typically two orders of magnitude bigger than the one on tem- 
perature spectrum), as shown in figure |5] when the modulation 
matrix used to solve the problem is the monochromatic one de- 
fined in [COS]. Fortunately, there is a way to get rid of this leak- 
age, as described in section[3] by reconstructing the I visibilities 
in sub-bands. Using the extended modulation matrix introduced 
in subsection 3.3 this dramatic error source can be put under 
control, and the broadband polarization visibilities can be recon- 
structed without loss of sensitivity. 



2.4. Geometrical phase shifts 

In the quasi-optical combiner design considered for the QUBIC 
experiment [ Kaplan et al., 2009) , some geometrical phase shifts 
^^^^(v) are automatically introduced by the combine^^ These 

' Ki is defined in Eq. ( |l7[ . 
As mentioned in [COS], these phase shifters naturally respect the 
"coherent summation of equivalent baselines" scheme. 
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phase shifts, stemming from path differences between rays in the 
optical combiner, will vary linearly with respect to frequency: 



But as explained in [COS], these geometrical phase shifts will 
not be used to modulate the visibilitie^ This means that they 
will not vary between the different time samples used for a re- 
construction: 

V^,^', A>P*,,(y) = AT*;^(y) = An,p(v) (55) 

Hence they will not cause any error during the reconstruction: 
the yS-kernels of each different visibilities will be rotated in the 
complex plane by the same factor whatever the sample. The vis- 
ibilities will just be measured with a rotation: 

y™-(Hi) = 7(0)Av j Ih,p{wmub,w)exp[-iA'i'h,pHiw)]dw. 

(56) 

2.5. Photon noise error on reconstructed visibilities 

We suppose here that the modulation matrix used to reconstruct 
the visibilities is the monochromatic one defined in [COS]; this 
is completely true in the case of frequency-independent phase 
shifters, and true for the rows regarding the polarization visi- 
bilities in the case of frequency-dependent phase shifters - see 
subsection |3.3| We have shown in [COS] that the visibility co- 
variance matrix is (the factor 1 /[7(0) Av]^ comes from the differ- 
ence of definition between monochromatic and broadband visi- 
bilities) 



3. Virtual reconstruction sub-bands in bolometric 
interferometry 



(54) In this section we show that the linear dependence in frequency 
of the modulation phase shifts <i>l ^^(v) enables indepndent recon- 



struction of the visibilities in smaller frequency sub-bands. This 
idea has been proposed for the first time in [Malu , 2007| . We 
first thought that this method could be a way to beat the smearing 
(the sub-band visibilities that are reconstructed are less smeared 
than the broadband ones), but we show in the following that its 
application comes along with a loss in signal to noise ratio that 
thwarts the gain in sensitivity, and thus makes this method in- 
neficient to beat bandwidth smearing. However, as we will see, 
this method can be succesfuUy set up to remove the dramatic 
effect described in subsection 2.3 and thus saves the frequency- 
dependent option for the modulation phase shifters. 

3.1. Principle 

Before doing the visibility reconstruction, one can choose a 
number riysb of virtual reconstruction sub-bands of width 6v — 
Av/nysb- We emphasize that this division in sub-bands is purely 
virtual in that the hardware design does not depend on it. The 
77-kemel becomes 



-BI. 



,^>i,H') = 2C["*'**''^'"]' 



(60) 



where fi^'^^ are defined as sub-bands kernels: 



N = 



crlNi, 



[m Ay]" A^„, 



{a' ■ , (57) fj^^'flub, w, v,„] = J A(^Ub-w) 4(v-v„,) exp [/AO)* ^(y)] dv. 



where A is a matrix including the r^^^ vectors and ctq is the quan- 
tity of photon noise (in watts) that would be seen by one bolome- 
ter illuminated by one horn during the time of one sample of the 
phase sequence. The oflF-diagonal elements cancel out to zero be- 
cause the angles are uncorrelated from one channel to another, 
while the diagonal elements average to the variance of the ele- 
ments in A, which equals multiplied by the number of dif- 
ferent data samples A^^. If the coherent summation of equivalent 
baselines scheme is adopted, the variance on the reconstructed 
visibilities is 



(61) 

where J^{v - y,„) is a bandpass function of width 6v centered at 
y„,. The cross-correlation term is therp^ 



N„, 



-Re 



J] J]exp[/A(i.yy^;(«,,^) 

m= 1 /< j 



(62) 



where we have defined 



^^^^ yNh 0-0 

cry[m W] = — X 



1 



Neq y/N, 



7(0) Ay' 



(5S) 



where A^, = x Nom is the total number of time samples. 
We derive from Eq. (5S I in appendix |E] the noise on a visibility 
measured during a time f by a bolometric interferometer experi- 
ment, knowing the Noise Equivalent Temperature (NElf*^ of its 
bolometers, in Kelvin units: 



cry\m K] = 



Va^netq 



(59) 



' As geometrical phase shifts depend on the spatial positions of 
bolometers in the quasi-optical combiner focal plane, using them to in- 
vert the problem means using different bolometers; this must be avoided 
because of dangerous intercalibration issues. 

A is filled with elements of the form cos(0i) + sin(02) and because 
we are assuming that the angles are uniformly distributed, they have 
zero average and their variance is 1 . 

" See appendix[D|for definition. 



A%„.„, = A<l)fc „(yo) X — and ut,m = x — . (63) 
vo yo 



The sub-band visibilities Vl^^{u],,m) are the broadband visi- 
bilities defined in the previous sections, but for a 6v bandwidth. 
For each pair of horns, the n^st sub-bands visibilities are defined 



for nysb different baselines {Mi,m)m=i, Finally, Eq. (62 1 can 



be written as a linear system n^.^b times greater than the one of 
Eq. (|5T]): 



(64) 



The problem can thus be inversed exactly as in [COS] to recover 
the nysb X A^^ sub-bands visibilities. 



We omit here the correction terms involving G and H in order 
to simplify the expression in the case of frequency-dependent phase 
shifters. 
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3.2. Sensitivity issue 

In every time sample k, the signal of the sub-band visibilities is 
riysb times smaller than the signal of the broadband visibilities, 
and consequently their reconstruction variance is 



<[inK] = 



VA^ X n,,ji NET Q 
Neg -ft 



(65) 



One can average offline (i.e., after the reconstruction) the 
sub-band visibilities deriving from the same basehne uj,, to re- 
cover the broadband visibilities: 



(66) 



These broadband visibilities are equivalent to the ones that 
would have been reconstructed without sub-bands division but 
suffer from a smaller bandwidth smearing (a-i is the one of an in- 
strument whose bandwidth is times smaller). However, the 
variance on these broadband visibilities is 



erf [in K] = 



(67) 



Comparison with Eq. (59 1 shows that the reconstruction in vir- 
tual sub-bands comes along with a loss of a factor yjiiysh in sen- 
sitivity on reconstructed visibilities. Unfortunately, we will see 
in section]?] that this loss in sensitivity is always bigger than the 
gain due to the smearing reduction. This makes this method in- 
efficient to beat bandwidth smearing. 

3.3. Reconstruction scheme for instruments witli 
frequency-dependent pliase sliifters 

This method, however, happens to bring a solution to the crucial 
issue described in subsection 12.31 The idea is to estimate at the 
same time the intensity visibilities in sub-bands (Stokes I), and 
the polarization visibilities in one single broad band (Stokes Q,U 
and V). This can easily be done by writing an extended coeffi- 
cient matrix based on the following decomposition: 



r- cross 



- z 



■p(Sv 



Ifi 



wAv 



(68) 



Practically, this means that the part of the matrix encoding the 
polarization visibilities is identical to that of the monochromatic 
matrix, while the part encoding the intensity visibilities gets n^sb 
times more rows. The matrix thus has a total of (2xM„fc +6)xA^^ 
rows. The corruption of the linear problem (and then the leak- 
age of the error on the intensity visibilities into the polarization 
ones) can thus be decreased as much as necessary by increasing 
the number of sub-bands, without loss of signal to noise ratio for 
the polarization visibilities. Such a reconstruction has been per- 
formed with our numerical simulation, as described in section ]5j 
comparison of figures ]6] and ]?] shows its efficiency. One draw- 
back of this method is of course that it increases the minimal se- 
quence length required to invert the problem. Finally, it should 
be noticed that this method could in principle apply just as well 
to phase shifters with any arbitrary (but known) frequency de- 
pendence. 



4. Loss in sensitivity for CIVIB experiments 

We have shown in sections ]2] and ]3] how the broadband visi- 
bilities defined in section JT] can be reconstructed, whatever the 
frequency dependence of modulation phase shifters, from the 
bolometer sequences measured by a broadband bolometric inter- 
ferometer. In order to evaluate the resulting loss in sensitivity for 
a dedicated CMB experiment, it is important to understand that 
it is meaningless to compare directly monochromatic visibilities 
and broadband ones, because they are not the same observables 
(as it is meaningless to directly compare two signals that have 
been convolved with kernels of different shape and/or size). A 
correct way to deal with this problem is to compare the sensi- 
tivities achieved on the observable of physical interest, here the 
CMB power spectra. In this section, we generalize the estimator 
introduced in [H08] and derive new formulas for the sensitivity 
on the CMB BB power spectrum. 



4.1. Generalization of the Pseudo-Power spectrum estimator 

We make the same assumptions and follow exactly the same 
arguments as in [H08], substituting the kernel fi{u,w) for the 
Fourier transform of the beam A{w). Assuming perfect E/B sep- 
aration, one can show that 



{V. 



■b{u)V*(u')) = 5(u -u')x J Cf 



'^'^{w)\B{u,w)f dw. 



(69) 



Recall that in the flat-sky approximation, I ^ 2n\u\ (see 
e.g. [White et al., 1997|). Assuming the power to be flat enough 
to be taken out of the integral (actually we rather assume that 
fiCi is flat in the simulation, see section ]5]l, in the presence of 
noise. 



'J t6(«. 



w)\ dw+N{u,u') (70) 



We show in appendix |C] that the integral of the square modulus 
of the convolution kernel in the uv-plane actually equals half of 
the effective beam defined in Eq. (16 1 : 



J \fi(u,w)fdw^ 



Q 

2k\ 



(71) 



There is a perfect analogy with the monochromatic case where 

J- J|A(h')| t/H". The simplest unbiased estimator of the power 
spectrum for a broadband interferometer, in presence of noise, is 
thus 



C; = — X 



1 



2 [v{up)V*{up)-N{up,up)]. (72) 



/?=() 



Here A^^(0 is the number of different modes probing a given 
1. It is thus the ratio of the available surface of a bin imAu to the 
effective surface of the kernel in the uv-plane f2j/2: 



ils 



21M 



fsky 



(73) 



The variance of the estimator for a broadband interferometer 
can be derived as in [H08], leading to the error on the power 
spectrum. 



AC; 



BI,HI 



2k\ 



^21MU, 



C,+ 



2cr\Kx 
Q. 



(74) 
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Sensitivity degradation due to bandwidtli smearing 



Competition between broadening and smearing 
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Figure 4. Left: sensitivity degradation on C; extraction due to bandwidtii smearing for multipoles between 50 and 200; the quantity A",,, is plotted 
for a dedicated B-mode bolometric interferometer with a 15-degree FWHM primary beam, for respectively Av/vq = 10, 20 and 30% bandwidth. 
Right: the quantity (0.20/Av) x K,,p(l), showing the competition between smearing and broadening, is plotted as a function of bandwidth for 
/ = 100, for the same B-mode bolometric interferometer. 



The only differences with the monochromatic interferometer for- 
mula are the factors. 



Using the expression for o-y given by Eq. ( 59 1, the error on 



the angular power spectrum measured by a broadband bolomet- 
ric interferometer during a time t can finally be written: 



ACf = 



2/ci 



^' + ITTo '^1 

t 



(75) 



The NETbi of bolometers scales as the inverse square root of 
the bandwidth, NETbi 1/ VAv (cf. appendix [d|; we make it 
appear explicitly by writing 



NETt 



NET- 



B/,20% 



0.20 
(Av/vo)' 



(76) 



where NET^^jo* '^he Noise Equivalent Temperature of 20%- 
bandwidth bolometers. Eq. (75 i becomes: 



(left) shows that the total loss in sensitivity on power spectra 
due to bandwidth smearing is about 2 for I - 150, for a typi- 
cal dedicated B-mode experiment with 20% bandwidth. This re- 
sult, which may seem unexpected considering the bad reputation 
of radio-interferometers concerning bandwidth, is mainly due to 
the fact that the spatial resolution required for the observation 
of CMB angular correlations is poorer than that required for the 
observation of point sources. 

4.2. Inefficiency of the reconstruction in sub-bands for 
beating bandwidtii smearing 

If the visibilities were reconstructed in n^sb sub-bands, the 
smearing would be reduced but the signal to noise ratio in each 
/ band would be decreased, leading to a -\/ti^ additionnal fac- 
tor in cry as explained in section [3] The smearing penalty factor 
would be 



ACf = 



2N„NETli,2m.n 0.20 ^ 



t 

eq ^ 



(Av/vo) 



where the smearing penalty factor is defined by: 



2n 



(77) 



(78) 



If we neglect the yfici penalty on the sample variance, the fac- 
tor of sensitivity degradation due to bandwidth smearing for a 
bolometric interferometer is indeed given by Ksp{l). The phys- 
ical interpretation of Eq. ( [T7| is straightforward: the sensitiv- 
ity improvement due to bandwidth broadening (more photons 
are collected) is in competition with the sensitivity degradation 
due to bandwidth smearing (the fringes are degraded). Figure]?] 
(right) shows the evolution of (0.20/Av) x Ksp{l) as a function 
of bandwidth. We see that, for the typical B-mode experiment 
considered, the smearing begins to cancel the broadening for 
bandwidths larger than 20% -which is fortunately the typical 
bandwidth of bolometers used in CMB experiment^^ Figure ]4] 

For ground-based experiments, atmospheric emission lines exclude 
the possibility of larger bandwidth anyway. 



3/2 



1 -H 



Q(ov/vo) 
27r 



2,2\3/4 



(79) 



' However, it can be checked that K^pif) is always greater than 
Ksp(l), whatever the number of sub-bands, meaning that the loss 
in signal to noise ratio is always more penalizing than the smear- 
ing reduction. 

4.3. Comparison witii an imager and a heterodyne 
interferometer 

We now correct the ratio formulas derived in [H08]. The 
comparison between the sensitivities of a heterodyne and a 
bolometric interferometer is not straigthforward since there is 
an important difference of hardware design between the two 
kind of interferometry regarding bandwidth. In a radio het- 
erodyne interferometer such as DASI [ Kovac et al., 200 2^ or 
CBI [Readhe ad et al., 20 04], the analog correlators only work 
at low frequencies (typically below 2 GHz), so the broadband 
signal collected by each horn is divided into different channels 
of typically 1 GHz bandwidth each and then downconverted be- 
fore being correlated. This forced division has prevented past in- 
terferometer CMB experiments from any important bandwidth 
smearing effects, but the price to pay was of course the hard- 
ware complexity of such systems. Bolometers are in the other 
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Figure 5. Left: Reconstructed temperature and polarization power spectra for a monochromatic (black squares) and a 20% broadband (blue 
squares) bolometric interferometer (16 horns with 15 degrees FWHM primary beam, phase shifters constant with respect to frequency, 12 modula- 
tion phase shift values, no instrumental noise and N„,„ps = 100 in each case). Red lines show the input theoretical spectra. Right: Relative error on 
the reconstruction (Cf- - Ci)/Ci (squares for temperature spectra, triangles for polarization ones, black for monochromatic, blue for broadband). 
The green and yellow lines shows the expected error levels 1/ ^N,„aps at one and two sigmas. 



hand naturally broadband, and we have shown in this article 
how the monochromatic bolometric interferometer described in 
[COS] generalizes almost naturally into a broadband bolometric 
interferometer: a broadband instrument only needs broadband 
components (horns, filters, etc.). To correct the ratio formula ob- 
tained in [H08], one can neglect the bandwidth smearing for het- 
erodyne interferometers (for a 1% bandwidth, k\ is always very 
close to 1); the formula is then only corrected by the smearing 
penalty factor: 



NEThi 
A^.TnETbi'"''^' 



(80) 



To be completely fair, one must keep in mind that in the actual 
state of the technological art, it seems difficult to design hetero- 
dyne interferometers with bandwidth larger than 10%. 

The comparison between a bolometric interferometer and an 
imager is also only modified by the smearing penalty factor If 
the experiment is dominated by instrumental noise, the ratio of 
the variances becomes 



AC/"' 
ACf 



1 _i 



(81) 



5. Monte-Carlo simulations 



We have performed a Monte-Carlo simulation in order to check 
the results obtained in this article. The basic principle is, starting 
from CMB maps generated from theoretical spectra, to compute 
the sequences of data measured by a broadband bolometric inter- 
ferometer, to reconstruct visibilities from these sequences, and 
to estimate power spectra from these visibilities. The compari- 
son between input and output spectra then allows us to check the 
analytical calculations (and the associated assumptions) of this 
article. The code is available upon request; questions or com- 
ments can be adressed by e-mail to the authors. 

5.1. Simulation overview 

We consider a "standard" bolometric interferometer (as defined 
in section |2|i constituted by a square array of Ni, horns, the 



associated A^;, polarization splitters, the INh modulation phase 
shifters, a beam combiner and Noui bolometers. In this simula- 
tion we only compute the power measured by one of the bolome- 
ters. We assume that the beams of the horns are all described by 
the same perfect gaussian function of Eq. ( [T2] i. We assume that 
the phase shift values taken by the modulation phase shifters are 
equally spaced. The physical input parameters are then the num- 
ber of horns N/,, the horns' radius, the distance between two ad- 
jacent horns, the FWHM of the gaussian beam, the number of 
phase shift values taken by the modulation phase shifters A^^, the 
central observation frequency vq, the bandwidth Av, the form 
of the bandpass function (either gaussian or top hat) J, and the 
number of data samples in one sequence A^^. 

The CMB maps are generated from spectra given by the 
standard WMAP-5 cosmological model (although the spectra's 
shapes are not really important for this simulation, the only cru- 
cial feature being the amplitude ratio between temperature and 
polarization spectra). The question of the E and B modes sepa- 
ration in interferometry is beyond the scope of this article and 
of this simulation. So we only consider the TT and EE spectra, 
which we call from now respectively the temperature and polar- 
ization spectra. Computation of the /3 and rj kernels involves a 
numerical integration over the frequency band, while computa- 
tion of the samples measured by the bolometer involves one over 
the uv-plane. The numerical input parameters are then the reso- 
lution in the uv-plane, the resolution in the frequency band, and 
the number of CMB map realisations Nmaps- 

The simulation pipeline is the following: 

1 . The position of primary horns and the associated set of base- 
lines are generated. 

2. The /3 and 77 kernels are computed - either from analytical 
formulas (given by Eq. ( 19 1 and Eq. (|43ll or numerical inte- 



grations (following Eq. ( 10 1 and Eq. (41 1), which enables us 
to check the analytical formulas - for every different basehne 
and for every phase difference in the case of rj. 
Begining of MAPS loop. CMB temperature and polarization 
maps are generated from theoretical spectra. 
Monochromatic and broadband visibilities are computed by 
convolving the maps' Fourier transforms and the /3 kernels 
for every baseline. "Generalized" broadband visibilities (i.e. 
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the convolution of maps' fourier transforms and 77 kernels) 
are computed for every baseline and for every phase differ- 
ence. 

5. Random phase sequences are generated for every horn and 
both polarizations, respecting the coherent summation of 
equivalent baselines scheme described in [C08]. Phase dif- 
ferences are then computed for every baseline. 

6. A sequence of Nd data sets S k measured by the bolometer is 
computed (Eq. ( 39 1) by summing "generalized" broadband 
visibilities, following the phase sequences. 

7. The modulation matrix is generated (see [COS] for its explicit 
expression in the monochromatic case). 

8. The visibilities are reconstructed by solving the linear prob- 
lem of Eq. (|46]l. End of MAPS loop. 

9. Measured spectra are computed from the reconstructed vis- 
ibilities using the estimators defined in section [4 Relative 
errors are obtained by comparison with the input theoretical 
spectra. 

5.2. Validation of tiie work principle of a broadband 
bolometric interferometer and test of the broadband 
estimator 

In step 9, we actually do not average the modulus of the re- 
constructed visibilities over the different baselines matching the 



same multipole as in Eq. ( 72 1, but for each different baseline, 
we average over all the N,„aps maps realisations. Moreover, the 
power is actually not flat over the Al of integration, and cannot 
be taken out of the integral in Eq. (|69]l, but we can use the fact 
that PCi is nearly flat to define an unbiased estimator (assuming 
no instrumental noise) for the broadband interferometer: 



—-MC 

Ci = 



1 



N„, 



£ V„,(u/3)V*(up). (82) 



m=0 



where Vmiu^) is the broadband visibility defined for the baseline 
Mj8 (l = 27T\up\) and the map m and where 



Q 

2k\ 



(83) 



We thus expect the spectra reconstruction to be only affected 
by the "sample" variance: 



ACf c = C// 



(84) 



We run the simulations with the following input parame- 
ters: 16 horns, 15 degrees FWHM primary beam, 12 modula- 
tion phase shift values, a 90 GHz central frequency, 20% band- 
width, N„,aps - 100. We first simulate the case of phase shifters 
constant with respect to frequency (the /y-kernels are computed 
following Eq. ( [4T| and Eq. ( |43] l) and use the monochromatic 
modulation matrix defined in [C08] to reconstruct the visibil- 
ities. The results, shown in figure |5] validate our study since 
our broadband estimator, taking the smearing into account, re- 
constructs the generated power spectra well: a broadband bolo- 
metric interferometer with phase shifters constant with respect 
to frequency works exactly like a monochromatic one, but the 
reconstructed visibilities are the predicted smeared ones. We 
then simulate the case of frequency-dependent modulation phase 
shifters, with kernels computed following Eq. ( |4T] l and Eq. ( [48|. 
Figure |6] shows the dramatic eff'ect described in subsection 2.3 
on the reconstructed polarization spectrum when the monochro- 
matic modulation matrix is used to reconstruct the visibilities. 



Figure |7] shows the efficiency of using the extended modulation 
matrix described in subsection |3.3| to reconstruct the polariza- 
tion visibilities: the intensity visibilities have been reconstructed 
in 5 sub-bands, completely removing the error on the polariza- 
tion visibilities reconstruction in the configuration considered (at 
the level of sample variance considered of course). 

6. Conclusion 

In this article we have analytically and numerically studied the 
work principle of a broadband bolometric interferometer We 
have defined its (indirect) observables - the broadband visibil- 
ities - and introduced numerical methods to reconstruct them. 
We have finally calculated the sensitivity of such an instrument 
dedicated to the B-mode. 

Bolometers are naturally broadband, and consequently the 
design of a broadband bolometric interferometer is identical 
to the design of the monochromatic one described in [C08]: 
a broadband bolometric interferometer only needs broadband 
components (horns, filters, etc.). Nevertheless, we have seen that 
the modulation matrix that should be used to reconstruct the 
broadband visibilities depends on some hardware properties of 
the modulation phase shifters. If these are constant with respect 
to frequency, the modulation matrix should be the one defined in 
[C08] for a monochromatic instrument. If they are dependent on 
frequency (this dependence should be known of course), a more 
complicated scheme involving a reconstruction in sub-bands of 
the intensity visibilities should be performed. We have checked 
with a numerical simulation that in both cases the visibilities can 
be reconstructed without other loss in sensitivity than the one 
due to the smearing. 

Visibilities are defined as the convolution of the Fourier 
transform of the signal with a kernel, which is defined as the 
Fourier transform of the primary beam in the monochromatic 
case. We have shown that the effect of the smearing is to stretch 
this kernel, in the baseline direction only, and that the ampli- 
tude of the smearing only depends on three quantities: the band- 
width, the baseline length and the size of the primary beam. We 
have finally defined, as a function of broadband visibilities, a 
new power spectrum estimator and derived from it a generalized 
uncertainty formula. 

The main conclusion of this article is that for a bolometric 
interferometer dedicated to CMB B-mode, the sensitivity loss - 
due to bandwidth smearing- is quite acceptable (a factor 2 loss 
for a typical 20% bandwidth experiment). 

Acknowledgements. The authors are grateful to the whole QUBIC collaboration 
for fruitful discussions. 
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Figure 6. Z-e/f; Phase shifters linear with respect to frequency and reconstruction with monochromatic modulation matrix. Reconstructed tempera- 
ture and polarization power spectra for a monochromatic (black squares and triangles) and a 20% broadband (blue squares and triangles) bolometric 
interferometer (16 horns with 15 degrees FWHM primary beam, 12 modulation phase shift values, no instrumental noise and Ni„aps = 100 in each 
case). Red lines show the input theoretical spectra. Right: Relative error on the reconstruction (C"'- - Ci)/Ci (squares for temperature spectra, tri- 
angles for polarization ones, black for monochromatic, blue for broadband). The green and yellow lines shows the expected error levels 1 / ^N„,aps 
at one and two sigmas. 
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Figure 7. Left: Phase shifters linear with respect to frequency and reconstruction with the extended modulation matrix (5 virtual sub-bands 
for / visibilities only). Reconstructed temperature and polarization power spectra for a monochromatic (black squares and triangles) and a 20% 
broadband (blue squares and triangles) bolometric interferometer (16 horns with 15 degrees FWHM primary beam, 15 modulation phase shift 



values, no instrumental noise and N„, 



100 in each case). Red lines show the input theoretical spectra. Right: Relative error on the reconstruction 



(Cf^'' -Ci)/Ci (squares for temperature spectra, triangles for polarization ones, black for monochromatic, blue for broadband). The green and yellow 
lines shows the expected error levels 1/ ^jN^aps at one and two sigmas. 



Appendix A: Analytical derivation of the y§-kernel 



The kernel of Eq. ( 13 1 can be written as a gaussian integral: 




where we have defined the quantities 

2 



A = 
B = 
C = 



2(rl 



"0 



+ 2nQ. 



Mo ■ (Mo - W') 



+ 7rQ(Mo - w'f. 



and where we have made the variable substitution 
Vf' = Mo - w. 
(A.l) It is straightforward to show that 

Q. _ Q 

(A.2) o-vV2^Va~ 



(A.3) 
(A.4) 
(A.5) 

(A.6) 
(A.7) 



4A 



- C = -7rQ.w'^ + 
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(A.8) 



l+2;rO(^) 

Thus, we can write the kernel in function of the Fourier trans- 
form of the beam as in Eq. ( 14 1. 



Appendix B: Analytical derivation of the f/-kernel 

The kernel of Eq. ( [4T] i can be written as the Fourier transform of 
a gaussian: 



-A(v- — )^ 'AO/,,,— 7 



'>.P 2v„/l 



(B.2) 



where A, B and C are the quantities defined in appendix A. It is 
straightforward to show that 



G = 



1 



4vlA 



B 

with 
H(w') 



1 



27rQHo ■ w'i^r 
l+27rQHo2(^)2 



1 - H(w'), 



(B.4) 



Mo ■ W 



And we can finally write the kernel as in Eq. (48 1. 



Appendix C: Integration of the j6-kernel square 
modulus in uv-plane 

We calculate this integral using the approximate kernel of 
Eq. (18 1. The variable substitution w' - uq - w does not change 



the integral: 

j \Pai,iu,w)\^ dw ^ j \Papiu,w')f dw' . 

Using Parseval's theorem, one gets 

J %p(u,w'fdw'^ J \fi,^iu,nfdn. 



where /3ap is the inverse Fourier transform of ^ap- Because 
Pap{ti,w') is a positive gaussian function of w' , 



J \Pap(u, «)f dn^^ J \Pap(u, n)\ dn = ^^ap{u,w' = 0) 



By definition Qj - Pap{u,w' - 0), so finally 



^ ^ap(u,w)f dw = 



(C.4) 



Appendix D: Noise Equivalent Power and Noise 
Equivalent Temperature 

The spectral power ly collected by a horn of surface S is defined 
in Eq. (20 1. We assume for simplicity that the number of bolome- 
ters equals the number of horns. The total power measured by a 
bolometer is then: 



P,o, = ^ Iv{n)J(v 

^ SD.J{0)Av j'^ByJN{v-vo)dv. 



■ vo)Ay(it)dndv 

,,2 



(D.l) 
(D.2) 



The Noise Equivalent Power (NEP) due to photon noise on a 
(B.l) bolometer, in units of [W.Hz '^^], is given by [Lamarre, 1986| |: 



NEP2 = 2/(0) Avn ( hv^IyJ^iv - VQ)dv + 



27(0) AvQ. 



j 2v^v^' 



iyJN(y-VQ)dv. 



(D.3) 



For CMB work, bolometer sensitivity is usually quoted as a 
(B.3) Noise Equivalent Temperature in units of [K.s'^^], firstly to sim- 
plify the comparison with the sensitivity of coherent receivers 
and secondly to simplify the calculation of sensitivity on C/ since 
they are defined in temperature units. The conversion is given by: 



NET : 



NEP 



^{dP,o,ldT) 
(B 5) straightforward to show that 

dP,o, 



yldBy 



= 5 Q 7(0) Ay r ^ ^ Jn{v - vo)dy. 



(D.4) 



(D.5) 



The NET thus scales as the inverse square root of the bandwidth: 

1 



NEToc 



Va^ 



(D.6) 



Appendix E: Noise in visiblity measurement in 
Kelvin 



We can write the following relation between ctq in units of 
(C.l) [W.s^/2] the NEP in units of [W.Hz-'/^j- 



NEP 



(E.l) 



where ts is the duration of one phase sequence. Starting from 
(C.2) Eq. (58 i, the noise in Watt on a broadband visibility measured 
during a time t by an experiment is then 



(Tv\m W] = a 



NEP 



V2 Vf-/(0) Av 



(E.2) 



The quantity a is diff'erent depending on whether one is consid- 
ering an heterodyne or a bolometric interferometer. In the latter 

(C 3) case, it has been derived in [C08]: a - We have defined 
the visibilities in temperature units in Eq. (24i. The noise on a 
visibility measurement in Kelvin is thus given by 



cry [in K] = cry[in W] x 



1 



S (dBy/dT)\y 



(E.3) 
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Using the definition of the NET given in |D.4| the noise on a 
visibility measurement in Kelvin finally becomes 

NETQ 

cry[in K] - a — K2, (E.4) 

Vf 

where we have introduced 



We see in table E. 1 that a-2 - 1 is a good approximation. 



30 GHz 


90 GHz 


250 GHz 


~ 1 - 10 ' 


~ 1 - 10^^ 


~ 1 + 10-' 



Table E.l. Values of K2 for a 20% bandwidth, for different 
central frequencies vq. We assume the instrument is observing, 

,a3K 



through the gaussian bandpass function defined in Eq. ( 1 1 
black body source whose intensity is given by Eq. ( [29| . 



